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SELECTIVE VERSIONS OF θ-DENSITY
L. BABINKOSTOVA, B.A. PANSERA, AND AND M. SCHEEPERS
Abstract. In [8] the authors initiate the study of selective versions of the notion of
θ-separability in non-regular spaces. In this paper we continue this investigation by es-
tablishing connections between the familiar cardinal numbers arising in the set theory of
the real line, and game-theoretic assertions regarding θ-separability.
Introduction
The topological notions considered here are related to an operation introduced by Velichko
in [16]. This operation is reminiscent of, but is not , a closure operation. To define the
operation, let (X, τ) be a topological space and let A be a subset of X :
clθ(A) = {x ∈ X : for every neighborhood U of x, U ∩ A 6= ∅}
Here, U denotes the closure of U in the topology τ of X . The set clθ(A) is a closed set in
the topology τ . Thus the family of sets of the form clθ(A) in a topological space is a subset
of the collection of closed sets of that space. The set clθ(A) is said to be the θ-closure of
A even though the operation clθ is not in general idempotent and thus not a conventional
closure operator. For a set A ⊆ X the inclusion A ⊆ clθ(A) holds.
A subset of X on which the operator clθ is idempotent, i.e., a set A ⊆ X for which
A = clθ(A), is called θ-closed. By our earlier remarks, θ-closed sets are closed in the
ambient topology τ . The set {X \A : A is θ-closed}, a subset of the collection of open sets
of (X, τ), is a topology on X , called the θ topology and denoted τθ. The space (X, τ) is a
T3-space if, and only if, τ = τθ. While each space in this paper is assumed to be a T1-space
which, unless specified otherwise, has no isolated points, no space is a priori assumed to
be T3. Thus, for spaces considered in this paper τθ ⊂ τ .
1. The featured topological notions
Although the concepts we consider are defined in [8], we introduce them here for the
convenience of the reader. A subset D of the space (X, τ) is dense if X = D. A space
is said to be separable if some countable subset is dense. D ⊂ X is said to be θ-dense
if clθ(D) = X . A space is θ-separable if it has a countable θ-dense subspace. A space is
strongly θ-separable if each θ-dense subset contains a countable subset which is θ-dense.
In the case when a space is θ-separable or separable, a stronger corresponding version of
separability might be considered: A countable set C ⊆ X is said to be groupably dense if
there is a partition C =
⋃
n<ω Cn, where each Cn is a finite set, and for each nonempty
open set U , for all but finitely many n, we have U ∩ Cn 6= ∅. The notion of groupably
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θ-dense is defined analogously: A countable θ-dense set is groupably θ-dense if there is a
partition C =
⋃
n<ω Cn of C into disjoint finite sets Cn such that for each nonempty open
set U , for all but finitely many n we have U ∩ Cn 6= ∅.
Notions of countable tightness correspond to these closure operators: Let a point x ∈ X
be given. X is said to be countably tight at x if for any set A ⊂ X \ {x} for which x ∈ A
there is a countable set B ⊆ A such that x ∈ B. Likewise X is said to be countably θ-tight
at x if for any set A ⊂ X \ {x} for which x ∈ clθ(A) there is a countable set B ⊆ A such
that x ∈ clθ(B). In the case when a space is countably θ-tight, or countably tight at x, a
stronger corresponding version of tightness might be considered: X is groupably countably
tight at x if for each A ⊂ X \ {x} for which x ∈ A, there is countable set C ⊆ A for
which there is a partition C =
⋃
n<ω Cn of C into disjoint finite sets Cn such that for each
nonempty open neighborhood U of x, for all but finitely many n we have U ∩ Cn 6= ∅.
Under these circumstances we say that C groups tightly at x. The notion of groupably
countably θ tight at x is defined analogously.
The set A converges to the point x if for each neighborhood U of x the set A\U is finite.
By analogy A θ-converges to x if for each neighborhood U of x the set A \ U is finite. A
space is Freche`t-Urysohn if: For each subset A of X , if x is in the closure of A, then there
is a sequence in A converging to x. The θ analogue of this notion as follows: For each
subset A of X , and for each x in the θ-closure of A there is a sequence in A θ-converging
to x.
The following symbols will denote the families related to the notions just introduced:
• O = {A ⊆ X : A dense in X}
• Ogp = {A ⊆ X : A is groupably dense}
• Oθ = {A ⊆ X : A θ-dense in X}
• Ogpθ = {A ⊆ X : A is groupably θ-dense}
• Ωx = {A ⊂ X \ {x} : x ∈ cl(A)}.
• Ωgpx = {A ⊂ X \ {x} : A groups tightly at x}.
• Ωθx = {A ⊂ X \ {x} : x ∈ clθ(A)}
• Ωθ; gpx = {A ⊆ X : A groups θ-tightly at x}.
• Γx = {A ⊂ X \ {x} : A converges to x}.
• Γθx = {A ⊂ X \ {x} : A θ − converges to x}.
These families are related to each other, and these relationships are depicted in Figure 1.
A subset Y of a space X is discrete if there is for each y ∈ Y a neighborhood U of y
such that U ∩ Y = {y}. There are more families of sets that will be needed in this paper,
but these and notation for them will be introduced where needed.
2. Selection Principles
We now state the selection principles featured in this paper: For families A and B define:
S1(A,B): For each sequence (An : n < ω) of elements of A there is a
sequence (bn : n < ω) such that for each n bn ∈ An and {bn : n < ω} ∈ B.
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Figure 1. An arrow (dashed or solid) from A to B indicates A is contained
in B. In T3 spaces, but not in T2.5 spaces, the left and right faces coincide.
Sfin(A,B): For each sequence (An : n < ω) of elements of A there is a
sequence (Bn : n < ω) such that for each n we have Bn ⊆ An is finite and⋃
{Bn : n < ω} ∈ B.
These selection principles are anti-monotonic in the first variable and monotonic in the
second, and related to each other as depicted in the Figure 2.
Sfin(A, C) Sfin(A,D)
Sfin(B, C) Sfin(B,D)
S1(A, C) S1(A,D)
S1(B, C) S1(B,D)
Figure 2. An arrow (dashed or solid) from A to B indicates A implies B.
This figure depicts the relationships when A ⊂ B and C ⊂ D.
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3. Games
For given families A and B of sets we consider the following games of length ω between
players ONE and TWO:
G1(A,B): In inning n < ω ONE chooses On ∈ A, and TWO responds with
a Tn ∈ On. The play
O0, T0, O1, T1, · · ·
is won by TWO if {Tn : n < ω} ∈ B. Otherwise, ONE wins.
Gfin(A,B): In inning n < ω ONE chooses On ∈ A, and TWO responds
with a finite Tn ⊆ On. The play
O0, T0, O1, T1, · · ·
is won by TWO if
⋃
{Tn : n < ω} ∈ B. Otherwise, ONE wins.
If in one of these games player ONE has no winning strategy, then the corresponding se-
lection principle holds. Under special circumstances the converse could also hold. Sections
5 and 6 report on some such circumstances. The selection principle itself rarely implies that
TWO has a winning strategy in the game. In Section 7 we report on some circumstances
under which player TWO has a winning strategy.
4. A refined topology for certain T3-spaces
Next, we formalize a construction that has been used in a number of ad-hoc examples in
the literature. For the remainder of this section let (X, τ) be a topological space in which
each nonempty open set is uncountable. Define the finer topology τc generated by basic
open sets of form U \C where U ∈ τ and C is countable. For a τc-basic open set V , write
V = U \ C with U ∈ τ and C ⊆ X countable.
Lemma 4.1. The τc-closure of V is equal to the τ closure of U .
Proof. First consider a point x in the τ -closure of U . Consider a τc neighborhood W of x.
Now W is of the form V \ A where V is a τ -neighborhood of x and A is a countable set
not containing x. Since V ∩U is an open set containing x it is uncountable. and U ∩W is
uncountable. But then U ∩V \(A∪C) is an uncountable set contained in (U \C)∩(V \A).
It follows that W ∩ (U \ C) is nonempty. Since W was an arbitrary τc neighborhood of x,
it follows that x is in the τc closure of V . Thus, each member of the τ -closure of U is in
the τc-closure of V .
Next, consider any point y in the τc-closure of V . Any τ -neighborhood of y is also a τc
neighborhood of y, and thus has uncountable intersection with U , implying that y is in the
τ -closure of U . 
Lemma 4.2. If (X, τ) is a T3-space, then (τc)θ = τ .
Proof. We must show that the θ-closed subsets in topological space (X, τc) are the closed
subsets of the topological space (X, τ). Thus, let A ⊂ X be given.
Assume that relative to the topology τc we have, for a point x ∈ X that x ∈ clθ(A).
Thus, for such a point x ∈ X we have for each τc-neighborhood U of x that U ∩ A 6= ∅.
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Here U is computed relative to the topology τc. By Lemma 4.1 and the fact that (X, τ)
is T3, it follows that each τ -neighborhood of x has nonempty intersection with A, whence
x is also in the τ -closure of A. Thus, for every set A ⊆ X , the θ-closure (in τc) of A is a
subset of the τ closure of A.
Conversely, let x be an element of the τ -closure of A. Thus, for each open neighborhood
U ∈ τ of x, the set U ∩ A is nonempty. But as X is T3 and every nonempty open subset
is uncountable, for each τ -neighborhood U of x, the τ -closure of U meets A. But then
by Lemma 4.1, for each τc neighborhood U \ C (where C is a countable set) of x, the τc
closure of U \ C meets A, implying x is a member of clθ(A).
Thus, if A is a subset of X , then A is θ-closed (relative to the topology τc) if, and only
if, A is closed in the topology τ . 
The space C(X) is especially suited to the construction above and will be used through-
out the several times in this paper. Let (X, d) be a infinite separable metric space. Then
C(X) denotes the set of continuous real-valued functions with domain X . The set C(X)
is a subset of the product set Πx∈XR. Endowing the latter product with the Tychonoff
product topology endows the subset C(X) with the subspace topology otherwise known
as the point-wise topology. The symbol Cp(X) denotes the topological space with under-
lying set C(X), and with the point-wise topology. It is well-known that this space is a
completely regular, and thus regular, Hausdorff space in which each nonempty open set is
uncountable. The space Cp(X) acts as intermediary between several selection principles.
We now recall some of the relevant ones for this paper.
Recall that an open cover U of a space X is an ω-cover if X is not a member of U , and for
each finite subset F of X there is a U ∈ U such that F ⊆ U . The symbol Ω is commonly
used for the set of ω-covers of X . The following two theorems will be used throughout the
rest of the paper:
Theorem 4.3. For a separable metric space X the following statements are equivalent:
(1) X has the property S1(Ω,Ω)
(2) ONE has no winning strategy in the game G1(Ω,Ω)
(3) Cp(X) has property S1(Ω0,Ω0)
(4) ONE has no winning strategy in the game G1(Ω0,Ω0)
(5) Cp(X) has property S1(D,D)
(6) ONE has no winning strategy in the game G1(D,D)
In Theorem 4.3 the equivalence of (1) and (3) are proven in [12], and the equivalence
with (2) and (4) are given in [11]. The equivalence with (5) and (6) is given in [15].
Theorem 4.4. For a separable metric space X the following statements are equivalent:
(1) X has the property Sfin(Ω,Ω)
(2) ONE has no winning strategy in the game Gfin(Ω,Ω)
(3) Cp(X) has property Sfin(Ω0,Ω0)
(4) ONE has no winning strategy in the game Gfin(Ω0,Ω0)
(5) Cp(X) has property Sfin(D,D)
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(6) ONE has no winning strategy in the game Gfin(D,D)
In Theorem 4.4 the equivalence of (1) and (3) are proven in [2], and the equivalence with
(2) and (4) are given in [11]. The equivalence with (5) and (6) is given in [15].
5. Density, tightness, convergence and cardinal numbers
Recall that a family F of nonempty open subsets of a topological space X is a pi-base
if there is for each nonempty open set U ⊆ X an element V of F such that V ⊆ U .
The cardinal number pi(X) is the minimal cardinality of a pi-base of X , and is called the
pi-weight of X . Following [8] we define:
Definition 5.1. A family V of open subsets of a space X is called a θ − pi-base for X if
for any open set U ⊂ X there is V ∈ V such that V ⊂ U .
Any topological space has a θ − pi-base. We define
piθ(X) = min{|V| : V is a θ − pi base for X}.
As a pi-base for a topological space is also a θ − pi-base, it follows that piθ(X) ≤ pi(X).
Corollary 5.2. Let (X, τ) be a T3-space in which each nonempty open set is uncountable.
Then piθ(X, τc) = pi(X, τ).
Proof. Note that any pi-base of (X, τ) is a piθ-base of (X, τc). Conversely, if C is a piθ-base
for (X, τc), then we may assume that each element is of the form U \C where U is a τ -open
set and C a countable set in X . But then B = {int(cl(V )) : V ∈ C}, where the closure
and interior are with respect to the topology τ , is a pi-base for X 
Lemma 5.3. Let (X, τ) be a T3-space in which each nonempty open set is uncountable. A
set C ⊂ X is θ-dense in (X, τc) if, and only if, it is dense in (X, τ).
Proof. Let a subset C of X be given.
Assume that clθ(C) = X , in the τc-topology. Consider a point x ∈ X , let U be a τ -
neighborhood of x. For each countable set A ⊂ X we have clτc(U \ A) ∩ C 6= ∅. However,
clτc(U \A) = clτ (U), and thus clτ (U)∩C 6= ∅. Since this is the case for each τ -neighborhood
of x, and (X, τ) is T3, it follows that for each τ -neighborhood U of X , U ∩ C 6= ∅. Thus,
clτ (C) = X .
Next assume that clτ (C) = X . Consider a point x ∈ X , and let U \ A be a τc-
neighborhood of x, where now U is τ -open and A ⊂ X is countable. But for each countable
set A ⊂ X we have clτ (U \ A) = clτ (U) = clτc(U \ A). Therefore clτc(U \ A) ∩ C 6= ∅.
Since this is the case for each τc-neighborhood of x, it follows that clθ(C) = X in the
τc-topology. 
Corollary 5.4. Let (X, τ) be a T3-space with all nonempty open sets uncountable.
(1) (X, τ) satisfies S1(D,D) if, and only if, (X, τc) satisfies S1(Dθ,Dθ).
(2) (X, τ) satisfies S1(D,Dgp) if, and only if, (X, τc) satisfies S1(Dθ,D
gp
θ ).
(3) (X, τ) satisfies Sfin(D,D) if, and only if, (X, τc) satisfies Sfin(Dθ,Dθ).
(4) (X, τ) satisfies Sfin(D,Dgp) if, and only if, (X, τc) satisfies Sfin(Dθ,D
gp
θ ).
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The notions S1(D,Dgp) and Sfin(D,Dgp) were respectively called GN-separable and H-
separable in [5]
A topological space is strongly separable if each dense subset contains a countable subset
that is dense in the space. The well-known cardinal function δ is defined by
δ(X) = min{κ ≥ ℵ0 : Each dense D ⊆ X contains a dense C ⊆ D such that |C| ≤ κ}.
The cardinal function δθ is defined by
δθ(X) = min{κ ≥ ℵ0 : Each θ-dense D ⊆ X contains a θ-dense C ⊆ D such that |C| ≤ κ}.
The cardinal function tθ(X, x) is defined to be the least infinite cardinal κ such that each
A ⊆ X \ {x} with x ∈ clθ(A) contains a C ⊆ A such that x ∈ clθ(C) and |C| ≤ κ.
Theorem 5.5. For infinite cardinal number κ the following are equivalent:
(1) κ < cov(M).
(2) For each topological space (X, τ) with δθ(X) = ℵ0 and piθ(X) ≤ κ ONE has no
winning strategy in the game G1(Dθ,Dθ).
(3) For each topological space (X, τ) with δθ(X) = ℵ0 and piθ(X) ≤ κ, the selection
principle S1(Dθ,Dθ) holds.
Proof. (1) ⇒ (2): Let F be a strategy for ONE in the game G1(Dθ,Dθ). As the space is
strongly θ-dense, we may assume that each move by ONE is a countable θ-dense subset of
X . Also, let {Bα : α < κ} be a pi − θ-base for X .
From F we define the following object: For each countable θ-dense set D ⊂ X , fix a
bijective enumeration
(xn(D) : n < ω).
With D∅ = F (∅) ONE’s first move, we obtain the sequence (x(n) : n < ω) enumerat-
ing D∅. For each n we obtain D(n) = F (x(n)), enumerated bijectively as (x(n,m) : m <
ω). For each (n1, n2) we obtain D(n1,n2) = F (x(n1), x(n1, n2)), enumerated bijectively as
(x(n1, n2, n) : n < ω), and so on. Thus, from F we recursively define finite sequences
(D∅, x(n1), D(n1), x(n1, n2), · · · ) of partial F -plays.
Now fix an α < κ and define Dα ⊂ ωω as follows:
Dα = {f ∈
ωω : (∀n < ω)(x(f(0),··· ,f(n)) 6∈ Bα)}.
Claim: Each Dα is a nowhere dense subset of X .
For let a finite sequence (n1, · · · , nk) of elements of ω be given. We show that the basic open
subset [(n1, · · · , nk)] of ωω contains a nonempty open subset disjoint from Dα. To see this,
note that the set D(n1,··· , nk) is θ-dense in X , and so Bα∩D(n1,··· , nk) 6= ∅. Choose an n with
x(n1,··· ,nk,n) ∈ Bα. Then [(n1, · · · , nk, n)] ∩ Dα = ∅, and [(n1, · · · , nk, n)] ⊂ [(n1, · · · , nk)].
This completes the proof of the claim.
By (1) the family {Dα : α < κ} of nowhere dense sets do not cover ωω. Choose an
f ∈ ωω \
⋃
{Dα : α < κ}. Then the F -play
F (∅), x(f(0)), F (x(f(0))), x(f(0),f(1)), · · ·
of the game G1(Dθ,Dθ) is lost by ONE.
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(2) ⇒ (3) For let a sequence (Dn : n < ω) be a given sequence of θ-dense subsets of the
space X . Define a strategy F for ONE so that for each n ONE’s response in inning n is
Dn. By (2) ONE has no winning strategy in G1(Dθ,Dθ), and thus there is an F -play
D0, x0, D1, x1, · · · , Dn, xn, · · ·
lost by ONE. Since for each n we have xn ∈ Dn, and {xn : n < ω} is a θ-dense set, (3)
follows.
(3) ⇒ (1) Assume (3). Let X be a set of real numbers of (infinite) cardinality κ. Then
the space Cp(X) under the usual pointwise topology τ is T3 and has the property that
each nonempty open subset is uncountable. This space has pi-weight κ, and is strongly
separable. Thus (Cp(X), τc) has the properties that piθ(Cp(X)) = κ (Corollary 5.2), and
δθ(Cp(X)) = ℵ0 (Lemma 5.3). Applying (3) to this space we find that (Cp(X), τc) has
the property S1(Dθ,Dθ). It follows from Corollary 5.4 that (Cp(X), τ) has the property
S1(D,D). By Theorem 13 of [15] the set of real numbers X satisfies S1(Ω,Ω). Since this
conclusion holds for any set of real numbers of cardinality κ it follows from Theorem 4.8
of [11] that κ < cov(M). 
The proof of the following theorem uses similar ideas.
Theorem 5.6. For infinite cardinal number κ the following are equivalent:
(1) κ < d.
(2) For each topological space (X, τ) with δθ(X) = ℵ0 and piθ(X) ≤ κ ONE has no
winning strategy in the game Gfin(Dθ,Dθ).
(3) For each topological space (X, τ) with δθ(X) = ℵ0 and piθ(X) ≤ κ, the selection
principle Sfin(Dθ,Dθ) holds.
Proof. (1) ⇒ (2)1 . Observe that a space satisfying (1) is strongly θ-dense: For let D
be a given θ-dense subset of the space. Consider the strategy for ONE that calls on
ONE to play D in each inning. By (1) this is not a winning strategy for ONE. Let
(D, x0, D, x1, · · · , D, xn, · · · ) be a play lost by ONE. Then the countable subset
{xn : n < ω} of D is a θ-dense subset of the space.
Now let σ be a strategy for ONE in the game Gfin(Dθ,Dθ). As the space is strongly
θ-dense, we may assume that each move by ONE is a countable θ-dense subset of X .
Also, let {Bα : α < κ} be a pi-θ-base for X . From σ we define the following object: For
each countable θ-dense set D ⊂ X , fix bijective enumeration (x(n)(D) : n < ω) where
D = {x(n)(D) : n < ω}.
With D∅ = σ(∅) ONE’s first move, for each finite subset F of ω enumerate the set
DF = σ({d(n) : n ∈ F}) bijectively as (d(F,n) : n < ω). For each pair (F1, F2) of finite
subsets of ω enumerate DF1,F2 = σ({d(n) : n ∈ F1}, {d(F1,n) : n ∈ F2}) bijectively as
(d(F1,F2,n) : n < ω). In general, for each finite sequence (F1, F2, · · · , Fk) of finite subsets of
ω enumerate DF1,··· ,Fk = σ({d(n) : n ∈ F1}, {d(F1,n) : n ∈ F2}, · · · , {d(F1,··· ,Fk−1,n) : n ∈ Fk})
bijectively as (d(F1,··· ,Fk,n) : n < ω).
1This proof of (1) ⇒ (2) is based on an idea in the proof of Theorem 40 of [15]. The details were not
given explicitly in [15], whence we give details for the argument here
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Now fix an α < κ and define Ψ(α) to be the set of finite sequences (F1, · · · , Fk) of finite
subsets of ω for which
{d(F1,··· ,Fk−1, j) : j ∈ Fk} ∩Bα 6= ∅
Then each Ψ(α) is a countably infinite subset of the set <ω([ω]<ℵ0). If {0, 1} is endowed
with the discrete topology, then the set
<ω([ω]<ℵ0 ){0, 1} is homeomorphic to the Cantor
set. Let XB be the subset of this space consisting of the characteristic functions of the sets
ψ(α).
Since |XB| ≤ κ < d, the space XB is a Menger space, and thus ONE has no winning
strategy in the game Gfin(O,O) on XB - [10]. Define the strategy γ for ONE in the game
Gfin(O,O) on XB as follows:
γ(XB) = {[((H), 1)] : H a finite subset of ω}
2. Since D∅ = σ(∅) is a θ-dense subset of X ,
for each B ∈ B we have B ∩σ(∅) 6= ∅. It follows that for each α < κ there is a finite subset
F of σ(∅) such that F = {d(j) : j ∈ H} ∩ Bα 6= ∅, and so the sequence (H) is a member
of ψ(α). It follows that the characteristic function of ψ(α) is a member of the basic open
set [(H, 1)], whence γ(XB) is an open cover of the space XB. When TWO chooses a finite
subset V1 ⊆ γ(XB), say V1 = {[(Gj , 1)] : j ≤ k}, then define
(1) F1 = {d(i) ∈ σ(∅) : i ∈ H1 = ∪{Gj : j ≤ k}.
(2) D1 = σ(F1) = {d(H1,j) : j < ω}
(3) γ(V1) = {[((H1, H), 1)] : H a finite subset of ω}
Since D1 is a θ-dense subset of X , there is for each α < κ a finite subset G of ω such
that {d(H1,j) : j ∈ G} ∩ Bα is nonempty. It follows that γ(V1) is an open cover of XB.
When TWO chooses a finite subset V2 ⊆ γ(V1), say {[(H1, Gj , 1)] : j ≤ k}, then define
(1) F2 = {d(H1,i) ∈ σ(F1) : i ∈ H2 = ∪{Gj : j ≤ k}.
(2) D2 = σ(F1, F2) = {d(H1,H2,j) : j < ω}
(3) γ(V1,V2) = {[((H1, H2, H), 1)] : H a finite subset of ω}
Since D2 is a θ-dense subset of X , there is for each α < κ a finite subset G of ω such
that {d(H1,H2,j) : j ∈ G} ∩ Bα is nonempty. It follows that γ(V1,V2) is an open cover of
XB. When TWO chooses a finite subset V3 ⊆ γ(V1,V2), say {[((H1, H2, Gj), 1)] : j ≤ k},
then define
(1) F3 = {d(H1,H2,i) ∈ σ(F1, F2) : i ∈ H3 = ∪{Gj : j ≤ k}.
(2) D3 = σ(F1, F2, F3) = {d(H1,H2,H3,j) : j < ω}
(3) γ(V1,V2,V3) = {[((H1, H2, H3, H), 1)] : H a finite subset of ω}
This procedure defines a strategy γ for ONE of the game Gfin(O,O) on the space XB.
Since XB is a Menger space it follows that γ is not a winning strategy for ONE. Consider
a γ-play
U1, V1, U2, V2, U3, V3, · · ·
lost by ONE of the game Gfin(O,O). By the definition of γ we find associated sequences
(a) (Hn : n ∈ N) of finite subsets of ω,
2The notation [((F1, · · · , Fn), i)] denotes the set of all elements of
<ω([ω]<ℵ0){0, 1} that take the value
i at the domain element (F1, · · · , Fn).
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(b) (Fn : n ∈ N) of finite subsets of the space X ,
(c) (Dn : n ∈ N) of θ-dense subsets of the space X
such that: F1 is a finite subset of D∅ = σ(∅), and
D∅, F1, D1, · · · , Fn, Dn, · · ·
is a σ-play of Gfin(Dθ,Dθ).
F1 = {d(i) : i ∈ H1} ⊂ D∅, and Fn+1 = {d(H1,··· ,Hn,i) : i ∈ Hn+1} ⊆ Dn for all n.
We claim that this σ-play of G1(Dθ,Dθ) is won by TWO. Indeed, consider the set
D =
∞⋃
n=1
Fn.
Let Bα be an element of B. Since
⋃∞
n=1 Vn is a cover ofXB, ψ(α) is an element of a set of the
form [((H1, · · · , Hn, Gj), 1)] for some finite subset Gj of Hn+1, and thus (see the definition
of ψ(α)) an element of the set [((H1, · · · , Hn, Hn+1), 1)]. This implies that Fn+1 ∩ Bα is
nonempty, and thus D is θ-dense in X .
(2)⇒ (3) Let a sequence (Dn : n < ω) of θ-dense subsets of X be given. Define a strategy
F for ONE in the game Gfin(Dθ,Dθ) that for each n, in the n-th inning calls on ONE to
select Dn. By (2) this strategy is not a winning strategy. Thus, for each n select a finite
set Fn ⊂ Dn witnessing that the play
D0, F0, · · · , Dn, Fn, · · ·
is lost by ONE. Then
⋃
n<ω Fn is θ-dense in X . It follows that X satisfies the selection
principle Sfin(Dθ,Dθ).
(3) ⇒ (1) Let X be a set of real numbers of the infinite cardinality κ. Then the space
Cp(X) is a completely regular Hausdorff space, thus T3, and each nonempty open sub-
set is uncountable. Moreover δ(Cp(X)) = ℵ0 and piθ(Cp(X), τc) = ℵ0. It follows that
δθ(Cp(X)τc) = ℵ0 and thus, assuming (3), (Cp(X), τc) satisfies the selection property
Sfin(Dθ,Dθ). But then by Corollary 5.4 it follows that Cp(X) satisfies the selection prin-
ciple Sfin(D,D). By Theorem 35 of [15], the space X of real numbers has the selection
property Sfin(Ω,Ω). It follows that each set of real numbers of cardinality κ has the
selection property Sfin(Ω,Ω). By Theorem 4.6 of [11], κ < d. 
The proofs of the following theorems are omitted as they use ideas similar to the ones
in the proofs of Theorems 5.5 and 5.6.
Theorem 5.7. For infinite cardinal number κ the following are equivalent:
(1) κ < b.
(2) For each topological space (X, τ) with δθ(X) = ℵ0 and piθ(X) ≤ κ ONE has no
winning strategy in the game Gfin(Dθ,D
gp
θ ).
(3) For each topological space (X, τ) with δθ(X) = ℵ0 and piθ(X) ≤ κ, the selection
principle Sfin(Dθ,D
gp
θ ) holds.
Theorem 5.8. For infinite cardinal number κ the following are equivalent:
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(1) κ < add(M).
(2) For each topological space (X, τ) with δθ(X) = ℵ0 and piθ(X) ≤ κ ONE has no
winning strategy in the game G1(Dθ,D
gp
θ ).
(3) For each topological space (X, τ) with δθ(X) = ℵ0 and piθ(X) ≤ κ, the selection
principle S1(Dθ,D
gp
θ ) holds.
Since the techniques for proof contain no new elements we report results on cardinal
numbers related to the combinatorics of the real line and their relevance to θ versions of
tightness and of the Frechet-Urysohn property without proof. Lemma 5.9 records a core
fact used in these proofs:
Lemma 5.9. Let (X, τ) be a T3-space in which each nonempty open set is uncountable.
For a subset C of X and a point x ∈ X \ C, x is in the θ-closure of C in topology τc if,
and only if, x is in the τ -closure of C.
In particular, Lemma 5.9 implies:
Corollary 5.10. Let (X, τ) be a T3-space with all nonempty open sets uncountable.
(1) (X, τ) satisfies S1(Ωx,Ωx) if, and only if, (X, τc) satisfies S1(Ω
θ
x,Ω
θ
x).
(2) (X, τ) satisfies Sfin(Ωx,Ωx) if, and only if, (X, τc) satisfies Sfin(Ω
θ
x,Ω
θ
x).
As mentioned, the proofs of the upcoming theorems are with some adjustments very
similar to those of the previous results. We leave the details to the reader.
Theorem 5.11. For infinite cardinal number κ the following are equivalent:
(1) κ < cov(M).
(2) For each topological space (X, τ) and point x ∈ X with tθ(X, x) = ℵ0 and χθ(X, x) ≤
κ ONE has no winning strategy in the game G1(Ω
θ
x,Ω
θ
x).
(3) For each topological space (X, τ) and point x ∈ X with tθ(X, x) = ℵ0 and χθ(X, x) ≤
κ, the selection principle S1(Ω
θ
x,Ω
θ
x) holds.
Theorem 5.12. For infinite cardinal number κ the following are equivalent:
(1) κ < b.
(2) For each topological space (X, τ) and point x ∈ X with tθ(X, x) = ℵ0 and χθ(X, x) ≤
κ ONE has no winning strategy in the game Gfin(Ω
θ
x,Ω
θ,gp
x ).
(3) For each topological space (X, τ) and point x ∈ X with tθ(X, x) = ℵ0 and χθ(X, x) ≤
κ, the selection principle Sfin(Ω
θ
x,Ω
θ,gp
x ) holds.
Theorem 5.13. For infinite cardinal number κ the following are equivalent:
(1) κ < add(M).
(2) For each topological space (X, τ) and point x ∈ X with tθ(X, x) = ℵ0 and χθ(X, x) ≤
κ ONE has no winning strategy in the game G1(Ω
θ
x,Ω
θ,gp
x ).
(3) For each topological space (X, τ) and point x ∈ X with tθ(X, x) = ℵ0 and χθ(X, x) ≤
κ, the selection principle S1(Ω
θ
x,Ω
θ,gp
x ) holds.
Theorem 5.14. For infinite cardinal number κ the following are equivalent:
(1) κ < d.
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(2) For each topological space (X, τ) and point x ∈ X with tθ(X, x) = ℵ0 and χθ(X, x) ≤
κ ONE has no winning strategy in the game Gfin(Ω
θ
x,Ω
θ
x).
(3) For each topological space (X, τ) and point x ∈ X with tθ(X, x) = ℵ0 and χθ(X, x) ≤
κ, the selection principle Sfin(Ω
θ
x,Ω
θ
x) holds.
Expanding to convergence properties we introduce the following notions: For a point x
of the space X , a family N of nonempty open sets is a neighborhood base for x if for each
nonempty open U set with x ∈ U there is an N ∈ N with x ∈ N ⊆ U . The minimal
cardinality of a neighborhood base for x is denoted χ(X, x), and is said to be the character
of X at x. By analogy, a family N of nonempty open subsets of X is said to be a θ
neighborhood base for X at x if for each nonempty open U set with x ∈ U there is an
N ∈ N with x ∈ N ⊆ U . We define
χθ(X, x) = min{|N | : N is a θ − neighborhood base for X at x}.
Corollary 5.15. Let (X, τ) be a T3-space in which each nonempty open set is uncountable.
Then χθ((X, τc), x) = χ((X, τ), x).
Lemma 5.16. Let (X, τ) be a T3-space in which each nonempty open set is uncountable.
For a subset A of X and a point x ∈ X, a sequence in A θ converges to x in the τc topology
if, and only if, it converges to x in the τ topology.
Corollary 5.17. Let (X, τ) be a T3-space with all nonempty open sets uncountable.
(1) (X, τ) satisfies S1(Ωx,Γx) if, and only if, (X, τc) satisfies S1(Ω
θ
x,Γ
θ
x).
(2) (X, τ) satisfies Sfin(Ωx,Γx) if, and only if, (X, τc) satisfies Sfin(Ω
θ
x,Γ
θ
x).
Theorem 5.18. For infinite cardinal number κ the following are equivalent:
(1) κ < p.
(2) For each topological space (X, τ) and point x ∈ X with tθ(X, x) = ℵ0 and χθ(X, x) ≤
κ ONE has no winning strategy in the game G1(Ω
θ
x,Γ
θ
x).
(3) For each topological space (X, τ) and point x ∈ X with tθ(X, x) = ℵ0 and χθ(X, x) ≤
κ, the selection principle S1(Ω
θ
x,Γ
θ
x) holds.
6. When does player TWO win G1(A,B)?
Our results in the earlier sections address combinatorial conditions equivalent to player
ONE of the game in question not having a winning strategy. Establishing similar combi-
natorial conditions equivalent to player TWO of these games having a winning strategy
would provide useful criteria for deciding whether a given instance of one of these games
is determined (i.e., a player has a winning strategy), and for identifying the undetermined
instances of these games. The following theorem is a model of the type of result we are
aiming at.
Theorem 6.1. [15] For a T3 space X the following are equivalent:
(1) TWO has a winning strategy in the game G1(O,O)
(2) pi(X) = ℵ0
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In light of Lemma 4.2 we obtain directly from Theorem 6.1 the following extension:
Theorem 6.2. Let (X, τ) be a T3-space in which each nonempty open set is uncountable.
Then the following are equivalent for the space (X, τc):
(1) TWO has a winning strategy in the game G1(Oθ,Oθ)
(2) piθ(X) = ℵ0
It is not clear to what extent the equivalences of Theorem 6.2 holds for general non-
regular topological spaces. The following theorem improves Proposition 2.4 of [8], as well
as Theorem 6.1 from [15] (Theorem 6.1 follows from Theorem 6.3 by adding the hypothesis
that the space X is a T3-space).
Theorem 6.3. Let X be a topological space which has no finite nonempty open sets.
Consider the following statements:
(1) piθ(X) = ℵ0.
(2) TWO has a winning strategy in the game G1(Oθ,O
gp
θ )
(3) TWO has a winning strategy in the game G1(Oθ,Oθ)
(4) TWO has a winning strategy in the game G1(O,Oθ)
If for each θ-dense set D and each nonempty open set U the set U ∩D is infinite, then (1)
implies (2); (2) implies (3); (3) implies(4) and if X is separable, then also (4) implies (1).
Proof. (1)⇒ (2): Let F be a countable θ − pi-base of X . Fix an initial enumeration
(Fn : n < ∞) of F . Then define a new enumeration (Gn : n < ω) of F such that if Tn
denotes the n-th triangular number3, then (GTn+1, · · ·GTn+1) is (F1, · · · , Fn+1) for each n.
Now player TWO’s strategy is as follows: When in the n-th inning ONE chooses the
θ-dense subset Dn of X , then TWO responds with a point xn ∈ Dn ∩ Gn \ {xj : j < n}.
This is possible since Dn ∩Gn is infinite. To show that this strategy is winning for TWO,
it suffices to show that the set E = {xn : n <∞} is groupably θ-dense: For each n, define
En = {xj : Tn−1 < j ≤ Tn}. The finite sets En are disjoint from each other. Let U be a
nonempty open subset of X . We must show that for all but finitely many n, U ∩ En 6= ∅.
Choose the least n with Fn ⊆ U . As Fn ⊆ U , it follows that each xm selected from F n is
an element of U ∩ E. Thus, for each m ≥ n, U ∩ Em is nonempty.
(2)⇒ (3): This implication is easy to prove.
(3)⇒ (4): This implication follows directly from the fact that D ⊆ Dθ.
(4)⇒ (1): Now we are assuming that X is a separable space. Let σ be a winning strategy
for TWO in the game G1(D,Dθ).
Claim 1: For every sequence (D1, · · · , Dn) of dense sets there is a nonempty open set U
such that for every x ∈ U there is D ∈ D such that x = σ(D1, · · · , Dn, D).
Proof of Claim 1: Suppose the contrary. Let (D1, · · · , Dn) witness that. For each
nonempty open set U ⊂ X choose xU ∈ U so that for any dense D ⊂ X , xU 6=
3For convenience we declare T0 = 0.
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σ(D1, · · · , Dn, D). Put E = {xU : U a nonempty open set of X}. Then E is dense in
X and σ(D1, · · · , Dn, E) ∈ E contradicting the selection of elements of E. This proves
Claim 1.
Start with the empty sequence in <ωD. Choose a nonempty open set U∅ 6= ∅ as Claim 1.
Since X is separable, choose a countable set C∅ ⊂ U∅ dense in U∅, say C∅ = (x(n);n <∞).
For each n choose a dense D(n) ⊂ X such that x(n) = σ(D(n)).
By Claim 1 choose for each n < ∞ a nonempty open set U(n) ⊂ X such that for very
x ∈ U(n) there is D ∈ D such that x = σ(D(n), D). In each U(n) choose a countable dense
C(n) ⊂ U(n), and enumerate it as {x(n,k) : k <∞}. For each (n, k) choose D(n,k) ∈ D with
x(n,k) = σ(D(n), D(n.k)).
In general, with xµ, Uµ, Cµ, Dµ defined for all µ of length at most k in
<ωω, consider
any such µ = (n1, · · · , nk). As (D(n1), · · · , D(n1,··· ,nk)) is a finite sequence of dense subsets
of X , choose by Claim 1 a nonempty open set Uµ such that for each x ∈ Uµ there exists
D ∈ D such that x = σ(D(n1), · · · , D(n1,··· ,nk), D). Choose a countable dense set Cµ ⊂ Uµ,
and enumerate it as {xµ⌢(n) : n < ∞}. For each n ∈ ω choose a Dµ⌢(n) ∈ D such that
xµ⌢(n) = σ(D(n1), · · · , D(n1,··· ,nk), Dµ⌢(n)). This defines Cν , xν , Uν , Dν for all ν of length
k + 1 in <ωω.
Claim 2: {Uµ : µ ∈
<ωω} is a θ-pi-base for X .
Proof of Claim 2: If not, choose a nonempty open set V such that for all µ, Uµ * V .
Thus, for all µ, Uµ \ V is a nonempty open subset of Uµ. Since C∅ is dense in U∅ choose
x(n1) ∈ C∅ \ V , and since C(n1) is dense in U(n1) choose x(n1,n2) ∈ C(n1) \ V , and so on.
ThenD(n1), x(n1), D(n1,n2), x(n1,n2), · · · is a σ-play of G1(D,Dθ), but V ∩{x(n1), x(n1,n2), · · · } =
∅, so that TWO’s selection is not θ-dense. This contradicts the fact that σ is a winning
strategy for TWO in the game G1(D, Dθ). 
It is not clear whether the condition that the space in question is separable, used in
the proof of the implication (4)⇒ (1), is in general superfluous. There certainly are non-
separable spaces in which TWO has a winning strategy in the game G1(Dθ,D
gp
θ ):
For consider the space (R, τc). For U ∈ τc, the τc interior of the τc closure of U coincides
with the standard interior of the standard closure of U . It follows that the set of standard
open intervals with rational endpoints is a countable θ-pi-base of (R, τc). For each τc-open
set U and each θ-dense set D, the intersection D ∩ U is infinite.
By Theorem 6.3, TWO has a winning strategy in the game G1(Dθ,D
gp
θ ) in the space
(R, τc).
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